Given a finite family F of convex sets in R d , we say that F has the (p, q)r property if for any p convex sets in F there are at least r q-tuples that have non empty intersection. The piercing number of F is the minimum number of points we need to intersect all the sets in F . In this paper we willl find some bounds for the piercing number of families of convex sets with (p, q)r properties.
Introduction
Given a finite family F of convex sets in R d , the piercing number, π(F), of F is the minimum number m such that there is a set of m points that intersects every non-empty set of F.
Helly's theorem characterizes families of non-empty convex sets with piercing number one. So, it is natural to ask if weakening the Helly's condition we still obtain an upper bound for the piercing number of the family. One way to weaken this condition is to use the (p, q) property, that is, to say that for every p convex sets of the family there are q which are intersecting. It was conjectured by Hadwiger and Debrunner in 1957 [3] that for every p, q, d, such that p ≥ q ≥ d + 1, there is a c = c(p, q, d) such that every finite family F of convex sets in R d with the (p, q) property has π(F) ≤ c. This result was proved in 1992 by Alon and Kleitman [1] . The bounds given by this proof are by no means optimal.
Finding good bounds for the piercing number of families with the (p, q) property has proven to be extremely difficult. The first non-trivial case is the (4, 3) property in R 2 .
It is still open. The conjecture is that any finite family of plane convex sets with the (4, 3) property can be pierced with 3 points. The best bound that has been proven is 13 points [4] .
In dimension 1, there is an optimal bound. If F is a finite family of at least p intervals with the (p, q) property, p ≥ q ≥ 2, then π(F) ≤ p − q + 1. We include the proof because its spirit will be followed by us in the proofs of our main theorems. We use induction on p − q. If p = q, we have Helly's condition on the line. If F has the (p, q) property with p > q, we can consider I the interval with its leftmost point p 0 being rightmost to all the others. If we take B to be the set of intervals that do not intersect I, then we have two cases. If there are at least p − 1 intervals in B, then every p − 1 of them and I must have q which are intersecting. Those q cannot contain I, so B has the (p − 1, q) property and thus can be pierced with p − q points. Adding p 0 , we have the result. If there are less that p − 1 sets in B, then we can take all the intervals in B, I and some of the other intervals to have p convex sets. These must have an intersecting q-tuple. If this q-tuple has I, then it cannot have any interval in B, thus B has at most p − q convex sets. Placing one point in every set of B and p 0 gives the result. If this q-tuple does not have I, then it is missing at most p − q − 1 sets of B. We can place one point for every one of those intervals, the point of intersection of the q-tuple and p 0 .
This result is optimal since we can take a family F of p − q pairwise disjoint intervals and then a set of intersecting intervals. This family has the (p, q) property but cannot be pierced with less that p − q + 1 points.
Definition 1 Let p, q, r be positive integers, p > q. A finite family F of sets has the (p, q) r property if for every p sets of F, at least r of its q-tuples are intersecting. If 0 < α < 1 is a real number, a finite family F of sets has the (p, q) α property if for every p sets of F, the proportion of its intersecting q-tuples is greater than α.
The purpose of this paper is to give bounds for the piercing number, π(F), of a finite family F of convex sets in R d with the (p, q) r and the (p, q) α property.
The following geometric lemma will be useful in the proofs of our main theorems.
Lemma 1 Let {A 0 , ..., A λ } be a non intersecting family of compact convex sets in
Then there is a affine linear subspace Π of R d of dimension d − λ with the following property: if X is a convex set and for every i = 0, ..., λ, there is a point of X in ∩ j =i A j , then X ∩ Π = φ.
Proof: We may assume without loss of generality that for every i = 1, ..., λ, ∩ j =i A j = φ, otherwise the conclusion follows immediately. We shall start proving by induction that ∪ 
d is a convex set and for every i = 0, ..., λ, there is a point of X in ∩ j =i A j , then by the above paragraph, since for every
Balanced families
Some good bounds for the piercing number of families with the (p, q) r property can be obtained if we impose an estimation on how well distributed are the intersecting q-tuples. Let F be a collection of sets. An s-balanced covering of F is a collection {F 1 , ..., F r } of subsets of F such that ∪ r 1 F i = F and every set of F is in at least s of the F i 's.
Lemma 2 Let {F 1 , ..., F r } be an (r − 1)-balanced covering of F. Then every subfamily G of F of size r − 1 is contained in F i , for some i = 1, ..., r.
Proof: Every one of the r − 1 sets of G is in at least r − 1 of the F i 's, thus there is at most one of the F i 's not containing it. So, we have at most r − 1 of the F i 's missing at least one of the original sets of F. Thus, there is at least one the F i 's containing all the sets of G.
Definition 2
The family F has the s-balanced (p, q) r property if given any subfamily F ⊂ F of size p, we can find r intersecting q-tuples of F and furthermore the r intersecting q-tuples are an s-balanced covering of F . Sometimes, when F is a finite family of convex sets in R 
This tells us that the family F\A has the (p
Note that in the proof of the lemma it is implicit that all the K i are not empty. Proof: The theorem holds for d = 1, so we may take d ≥ 2. Since F has at least p convex sets, not all its d-tuples have empty intersection. We know that there is a direction v such that every intersecting d-tuple has its v-directional minimum in a single point. Let A = {K 1 , K 2 , . . . , K d } be the intersecting d-tuple with maximal v-directional minimum p 0 . We know that every set in F that has nonempty intersection with
Let B be the set of convex sets in F that do not contain p 0 . We define
Given the maximality of p 0 , since the v-directional minimum of an intersection of d + 1 convex sets is the v-directional minimum of some d of those convex sets, every d + 1 convex sets in F have non-empty intersection if and only if they had non-empty intersection in F. This means that F also has a (d − 1)-balanced (p, q) d property and A ⊂ F is a non-intersecting d-tuple. We have two cases: Case 1: There are at least p convex sets in F . Applying Lemma 3, we know that F \A can be pierced with at most d(p − q − 1) + 1 points. Adding p 0 , we have that F can be pierced with at most d(p − q − 1) + 2 points. Case 2: There are less than p convex sets in F . Let C be a set of p − |F | sets in F. If we take A ∪ B ∪ C we must have at least one intersecting q-tuple. If this q-tuple contains every one of the K i , it cannot have any convex set of B. Then, we can pierce the sets of B with at most p − q points and the rest of the convex sets with p 0 . If there is at least one of the K i that the q-tuple does not contain, then the q-tuple is missing at most p − q − 1 sets of B. If we also use a point in the intersection of the q-tuple and p 0 , we also get p − q + 1 points. Since d(p − q − 1) + 2 ≥ p − q + 1 we are done. 
Unbalanced families
Given the corollary 1, it is natural to start looking for bounds for piercing numbers of families that do not have any balance condition. Of course, the number of intersecting q-tuples we need are larger in these cases. Proof: First we will prove that every s − 1 convex sets in F are intersecting. If we can find s − 1 non-intersecting convex sets, let us complete them with p − s + 1 other convex sets. We know that out of those p sets, every (p − 2)-tuple that contains the s − 1 non-intersecting convex sets is non-intersecting. Thus, there are at least p−s+1 p−s−1 of the (p − 2)-tuples which are not intersecting. Note that p
this is true. So, we have at least r intersecting (p − 2)-tuples and therefore, we cannot have s − 1 non-intersecting sets.
By Lemma 1, since we have s non-intersecting sets K 1 , K 2 , . . . , K s , there is an affine subspace Π of dimension d + 1 − s such that if any convex has nonempty intersection with every s − 1 of the s non-intersecting convex sets, then it has a non-empty intersection with Π.
Let B = {H 1 , H 2 , . . . , H p−s } be any other p − s convex sets in F, and
If we take the p-tuple A ∪ B, we know that every (p − 2)-tuple containing A is non-intersecting, which gives us at least Proof: The proof of this lemma is similar to the proof of lemma 3, however instead of using the balance condition to obtain some kind of (p, q) property on a line, we use that r is large enough for that to happen.
of the second case of the proof of theorem 1, we can pierce F using at most p − q + 1 points.
If d = 1, our theorem gives the piercing number, for a family of intervals in the line, with the (p, q) property. If p = q + 1, this theorem gives the same corollary as theorem 1. If d = 2, we have the following corollary:
Corollary: Let p, n be positive integers such that p ≥ n + 2 and n ≥ 2. Let F be a family of at least p − 1 convex sets in R 2 with the (p − 1, p − x) n p property. Then π(F) ≤ n.
For example, if for every 2n − 1 convex sets of F more than half of its n-tuples are intersecting, then F can by pierced with n points.
